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Abstract 
Bi-material components such as ceramic/ceramic or silicon/ glass bonds are used extensively in different industrial applications. 
The presence of cracks in the interface of such bonded joints influences their mechanical strength significantly. For strong 
interfaces, cracks sometimes kink out of the interface and then extend in one of the two materials. In this paper, a fracture 
criterion is developed for predicting the kinking angle in the interface cracks between two dissimilar isotropic elastic solids. The 
criterion takes into account the effect of T-stress in addition to the stress intensity factors KI and KII. It is shown that the 
suggested criterion provides very good estimates for some experimental results reported in earlier papers for interface cracks.
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1. Introduction
The bonded joints such as welded and adhesive joints can be found in various engineering components. These 
joints are sometimes deboned due to the cracks embedded at the interface. Therefore, it is important to have a good 
understanding of stress and strain field near the interface cracks. Because the interface cracks or bi-material cracks 
are often loaded in mixed mode condition due to asymmetry in the material properties with respect to the interface, 
these cracks usually kink out of the interface. 
   The problem of kinking at the interfacial cracks has been investigated by many researchers. He and Hutchinson 
[1] suggested a criterion based on the energy release rate for predicting the kinking angle. They showed that the 
competition between crack advance within the interface and kinking depends on relative toughness of the interface 
to that of the joining material; and the kinking occurs in the direction where the energy release rate is maximum. 
 Yuuki and Xu [2] proposed another criterion based on the maximum tangential stress (MTS) near the interfacial 
crack tip. They only used the singular terms of Williams series expansion for prediction of the kinking angle. On the 
other hand, the effect of first non-singular stress term of the Williams series expansion on the behavior of 
homogeneous and interfacial cracks and notches (T-stress, I-stress) has been assessed by researchers [3-6]. For 
example, Ayatollahi et al [6] have recently indicated that for bi-material sharp notches, the first non-singular stress 
term which is called I-stress may have a great contribution in the stress field near the interface corners, and thus 
could affect significantly the fracture behavior of bi-material notched structures. In this paper a criterion is proposed 
for predicting the kinking angle based on the maximum tangential stress which considers the T-stress as well as the 
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singular terms. Using this criterion, the kinking angle can be predicted for any combination of the crack tip 
parameters KI, KII and T. It is shown that the sign of T plays an important role in prediction of kinking angle. It is 
also observed that the suggested criterion is in good agreement with the experimental results which exist in earlier 
papers.  
2. The MTS criterion for kink out of the interface 
2.1. Elastic stress field near bi-material crack tip 
The dominant stress field around the bi-material crack tip, as shown in Fig.1, can be expressed as [7]. 
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where (i, j)Ł(r, θ) are the polar coordinates with the origin at the bi-material notch tip, m = 1, 2 denotes the 
material number and Dm is a function of elastic property (shear modulus μm and κm=3-4νm) [7]. KI and KII are the 
stress intensity factors which are associated with the singular stress terms, T is the first non-singular stress term 
which is called T-stress and fij,1 and fij,2 are functions of polar coordinates r,θ and bi-material constant ε is: 
)ln(
2
1
221
112
μκμ
μκμ
π
ε
+
+
= (2) 
  
    Fig.1. General configuration of bi-material crack and its possible fracture paths 
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2.2. Modified MTS criterion  
A bi-material crack can initiate in three possible paths under different loading conditions as shown in Fig.1. For 
strong interfaces, cracks often kink out of the interface due to existence an inherence coupling between the two 
modes I and II. According to the MTS criterion, the crack initiates in the direction where the tangential stress 
component σθθ near the crack tip and at a critical distance rc, is maximum [6]. It is worth mentioning that the 
criterion has already been successfully applied to mixed mode fracture in homogeneous materials [6, 8]. The kinking 
angle θ0 corresponding to σθθ,max is obtained from σθθ /θ = 0. In this paper the proposed criterion called the 
modified MTS criterion takes into account the effect of T-stress in addition of the stress intensity factors KI and KII. 
Thus:  
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Eq. (3) can be rewritten as: 
0))2sin(2(2,1, =−+
∂
∂
+
∂
∂ θα
θθ
θθθθ m
m
eff
II
m
eff
I DB
f
K
Kf
K
K
(4) 
     where dimensionless parameters Keff , B and α are defined as:  
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where a is the crack length for each cracks and the semi-crack length for center cracks. Therefore, one can obtain the 
kinking angle with substituting the known parameters KI, KII and T-stress into the eq. (4). The crack parameters KI, 
KII and T can be obtained by using different numerical methods (see for example [6]).    
3. Results and discussion  
The modified MTS criterion described in the previous section is examined in the light of earlier experimental 
results carried out by Yuuki and Xu [2]. In this section, first by using the modified MTS criterion the effect of T-
stress on the prediction of kinking angle is investigated. Then some experimental results are used for evaluation of 
the proposed criterion.  
 Fig.2 shows the kinking angle θ0 obtained from Eq.(4) as a function of Mode Mixity Me for bi-material constant 
ε=0.057,  
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                 Fig.2. The effect of T-stress on the kinking angle based on modified MTS criterion 
where  
Me = (2/π)∗tan-1(KI / KII) (6) 
The value of Me is unity when KII=0 and zero when KI=0. The dimensionless parameter α is chosen 0.2 and the 
kinking angle variation is plotted for different values of B.α ( B.α = −0.6, −0.3, 0, 0.2 and 0.35). The parameter α is 
determined from crack length a and the critical distance rc which is a material property. It is seen from Fig.2 that the 
kinking angle increases for positive values of B.α and decreases for negative value of B.α. Also, it is seen that there 
are a large discrepancy between the kinking angles obtained from the MTS (B.α=0) and the modified MTS criteria 
in a wide range of Me. It is also seen that for linear elastic materials when KII=0, the T-stress has no influence on the 
kinking angle. In contrast, when KI=0, there is a large effect of the T-stress on the kinking angle.     
In order to evaluate the proposed criterion, the experimental results reported in [2], for sandwiched specimen of 
Al/epoxy with ε=0.057, are shown in Fig.3. Using the calculated values of Bα and Me, the kinking angle θ0 is 
predicted from Fig. 2 for the given specimen. Needless to say that the crack kinks into the epoxy which is more 
compliant than Al.  Also shown in this figure are the theoretical curves corresponding to the conventional MTS and 
the modified MTS criteria. It is seen from Fig.3 that the modified MTS criterion provides very good estimates for 
the experimental results for different values Bα and mode mixities.  
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Fig.3. Experimental results reported for kinking angle in [2] compared with the theoretical results. 
4. Conclusions 
A modified MTS criterion was suggested for prediction of kinking angle in bi-material cracks. In the proposed 
criterion, the T-stress is considered in addition to the singular stress terms. It was shown that the role of T-stress is 
important in prediction of the kinking angle for the bi-material cracks. It was also shown that the results obtained 
from the suggested criteria are in good agreement with the experimental results reported in an earlier paper. 
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